By modeling the interaction of a system with an environment through a renewal approach, we demonstrate that completely positive non-Markovian dynamics may develop some unexplored nonstandard statistical properties. The renewal approach is defined by a set of disruptive events, consisting in the action of a completely positive superoperator over the system density matrix. The random time intervals between events are described by an arbitrary waiting-time distribution. We show that, in contrast to the Markovian case, if one performs a system-preparation (measurement) at an arbitrary time, the subsequent evolution of the density matrix evolution is modified. The non-stationary character refers to the absence of an asymptotic master equation even when the preparation is performed at arbitrary long times. In spite of this property, we demonstrate that operator expectation values and operators correlations have the same dynamical structure, establishing the validity of a non-stationary quantum regression hypothesis. The non-stationary property of the dynamic is also analyzed through the response of the system to an external weak perturbation.
I. INTRODUCTION
The theory of Markovian open quantum systems [1] is well established from both a mathematical and a physical point of view. The theory of quantum dynamical semigroups, casting the structure of completely positive (CP) trace-preserving maps, establishes that the KossakowskiLindblad equations are the most general admissible forms of evolution of the system density matrix. The application of these equations ranges from quantum optics [2] to quantum information theory [3] .
As far as the quantum non-Markov case is concerned, there exist different physical situations, and as a consequence a large variety of formalisms, from which a solid proposal for an approach to non-Markovian quantum dynamics [1, 4] may emerge. A promising direction is afforded by the non-Markovian generalization of the Kossakowski-Lindblad equations. In a recent contribution [5] , Barnett and Stenholm showed that the adoption of a time convolution between a memory kernel and a Kossakowski-Lindblad operator, although appealing, may lead to unphysical results. However, their attempt attracted the attention of many researchers to the search of the proper memory kernel for the time convoluted Kossakowski-Lindblad equations [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17] . The main focus of most of these papers has been devoted to the search of memory kernels that guarantees the CP condition of the solution map [6, 7, 8, 9, 10, 11, 12, 13, 14] . On the other hand, different microscopic interactions that lead to the convolution structure were established [15, 16, 17] and applied in the characterization of spin environments [18] , quantum Boltzman equations with internal degrees of freedom [19] , mesoscopic systems [20] , as well as to fluorescent systems coupled to complex self-fluctuating environments [21] .
It is worth pointing out that the adoption of a renewal approach based on the extension to quantum mechanics of the celebrated continuous time random walk [22] leads naturally to the time convoluted structure that has been originally hypothesized by the authors of Ref. [5] , with no risk of violating the CP condition [7] . In fact, the result is obtained through an average over infinitely many trajectories, each of which consists in a series of sporadic and consecutive transformations (system-environment collisions) of the system density matrix. The CP condition is trivially satisfied when each collision is written in terms of a CP transformation.
The continuous time random walk formalism has become a fundamental tool when describing classical (nonMarkovian) complex systems. In particular, the existence of processes without a characteristic time scale (i.e., characterized by power law behaviors) has lead to an intensive review of the formalism and of its possible extensions. One of the recent motivations for studying that regime comes from the emergence of non-stationary phenomena in the fluorescence intensity produced by (blinking) nanocrystal quantum dots under laser radiation [23, 24, 25, 26] . These experiments, have led many researchers to revisit some basic tenets and tools of equilibrium and non-equilibrium statistical mechanics, which are closely related the one to the other: the Onsager principle [27, 28, 29] , non-stationary master equations [29] , linear response theory [30, 31, 32, 33, 34, 35, 36, 37, 38] , Wiener-Kinchine theorem [39] and the ergodic hypothesis [40] . The extension of these principles and theoretical tools for dealing with non-stationary phenomena would be an outstanding breakthrough in statistical mechan-ics. Besides the theoretical interest, there is an increasing number of experimental situations [41] that can draw benefits from that theoretical progress. While there exist different issues that remain open, we are naturally challenged to find a proper generalization to open quantum systems dynamics.
The main goal of this paper is to show that nonMarkovian CP master equations may fit non-standard non-stationary statistical phenomena, and then to analyze the validity or extension of two cornerstones of the theory of open quantum systems, i.e., the quantum regression hypothesis [2, 42] and linear response theory [30, 31] . The underlying dynamics of the system are defined by the renewal approach introduced in Ref. [7] .
To address the definition (in the context of an open quantum system theory) of a non-stationary decay (or a non-stationary quantum master equation), we introduce a system preparation at an arbitrary time posterior to the initial coupling between the system and the bath. With preparation we means an instantaneous CP operation (like a measurement or any sudden CP transformation) that leaves the system in an arbitrary state. Then, two times are introduced. One of them (t) [43] measures the time at which the preparation occurs, and the second one (τ ) measures the time since the preparation. We shall use the term stationary decay (stationary master equation) to denote a relaxation after the preparation done at time t that is independent of t, i.e., it only depends on τ . On the same token, we shall use the term nonstationary decay (non-stationary master equation) to denote relaxation processes whose form depends on t, i.e., its functional dependence on τ is parametrized by t. In the Markovian case, the preparation always leads to the same stationary master equation. In the non-Markovian case, we show that even when the preparation is performed at arbitrary long times, the ensuing relaxation may or not reach a stationary regime.
We also show that even in the presence of nonstationary effects, operators expectation values and correlations have the same dynamical structure, providing a generalization of the standard quantum regression theorem [1, 2] to a class of non-stationary quantum dynamics. The response of the system to an external weak perturbation, while it can be defined in terms of operator correlations [30, 31] , generates strong deviations with respect to the Markovian case.
The outline of this paper is as follows. In Sec. II, we review the renewal approach and show how the nonstationary effects arise. In Sec. III we obtain the evolution of both operator expectation values and correlations, which allows us to establish a quantum regression theorem. In Sec. IV, the response to external perturbations is studied. In Sec. V we provide the conclusions.
II. NON-STATIONARY DENSITY MATRIX EVOLUTION
In the quantum application of the renewal approach [7] , the density matrix ρ S (τ ) of an open quantum system S is determined by means of an average over an ensemble of infinitely many stochastic realizations, ρ S (τ ) = ρ st (τ ) , where · · · denotes the average over realizations and ρ st (τ ) is the stochastic state associated to each trajectory. They consist of a sequence of disruptive (collisional) events occurring at random times. The times elapsed between two consecutive events are randomly drawn from a waiting-time distribution density w(t), satisfying w(t) ≥ 0, and ∞ 0 w(t)dt = 1. Each event is associated to an arbitrary CP transformation E of the system state. It is defined by the Krauss form [3] 
where ρ is the system state prior to a given event. The operators C i satisfies the condition i C † i C i =I. Furthermore, here we assume that between consecutive events, the evolution of the system is defined by the propagator exp[tL S ]. The superoperator L S is the Liouville superoperator and corresponds to a unitary transformation. Nevertheless, we remark that most of the results hereby developed also apply when L S is a standard Lindblad superoperator, i.e., when the evolution between events corresponds to a Markovian (CP) dissipative evolution.
By construction, each realization, and as a consequence the average over the realizations, guarantees the CP condition of the solution map. The system's dynamics begin at time t = 0 (system-environment coupling). As stressed in the introduction, we let the system evolve up to the time t > 0 that we set to be the new origin of time. The earlier work of Ref. [7] is confined to the condition t = 0 and the main aim of this paper is to solve the nonstationary issues raised by the condition t > 0. The main idea of the method that we use is as follows. First of all we study the time evolution of ρ S from ρ S (0) to ρ S (t+τ ), and we interpret the exact expression of ρ S (t + τ ) as the the density matrix ρ S (τ ) that will be expressed in terms of the initial condition ρ(t). It is straightforward to get the exact expression of ρ S (τ ), which reads
The superoperator W (n) (τ ) is defined in the Laplace domain, (τ → u, t → z) as
while the superoperator P 0 (τ ) reads
where P 0 (u) is the survival probability associated to w(u), i.e.,
The expression given by Eq. (2) is a sum over all possible realizations, each of them corresponding to a stochastic process with n collisions. We have now to express it in terms of the initial condition
By using recursively the relation
we rewrite Eq. (2) as
where we have defined
The Laplace transform of ρ S (τ ) of Eq. (8) then reads
By using the relation
which is valid for any arbitrary function g(t), with the no-
, the Laplace transforms of Ξ 0 (τ , t) and Ξ w (τ , t) are written as
Here, ρ S (z) is the Laplace transform of ρ S (t), given by Eq. (6) . By plugging these expressions into Eq. (11), after some algebra we get
where the propagator G(u) is defined by
and the inhomogeneous term by
In the time domain, Eq. (15) becomes
This equation is one of the central results of this section. It defines the evolution of the average density matrix of the system in the interval (t, t + τ ), with the initial condition Eq. (6) . The superoperator L is defined by
which in turn can be written with the Lindblad structure
The memory kernel function K(τ ) is defined in the Laplace domain by
The inhomogeneous contribution I ρ (u, z) [Eq. (17) ] is proportional to the function
where the functionw(u, z) reads
By using the relation of Eq. (12),w(u, z) can be written in the time domain as
where
n . This expression allows us to interpretw(τ , t) as a conditional waiting-time distribution density, and more precisely as the probability distribution density of meeting the first event at time τ , given that the observation time (of events) begins at time t. The second term on the right hand side of Eq. (24) takes into account all possible events at times earlier than t. Consistently, notice that for t = 0,w(τ , 0) = w(τ ).
In the time domain, the function ∆(u, z) read
where we have introduced the (sprinkling) distribution
By writing this expression in the time domain, (27) it follows that f (τ , t)dτ is the probability of an event occurrence in the time interval (τ , τ + dτ ), given that the observation time begins at time t, regardless of whether or not any event occurred at earlier times. It satisfies the relation f (τ , 0) =w(0, τ ). On the other hand, notice that the function Υ(u, z) ≡ z∆(u, z) [appearing in Eq. (17)] can be written in the time domain as
Both the kernel K(τ ) and the inhomogeneous contribution I ρ (τ , t) are clear signatures of the non-Markovian property of the evolution Eq. (18) . Using Eq. (15), it is easy to realize that the evolution of ρ S (τ ) can always be rewritten as an homogeneous evolution [see for example Eq. (31)]. Nevertheless, the inhomogeneous structure allows us to understand which is the effect of shifting the initial time condition from ρ S (0) to ρ S (t). In fact, Eq. (17) tells us that in the interval (t, t+τ ) the departure of the system time evolution from its time evolution in (0, t) is measured by Eq. (25) . Consistently, for t = 0, the inhomogeneous contribution vanishes, i.e., I ρ (τ , 0) = 0.
No departure of the system evolution in (t, t + τ ) from the time evolution in (0, t) must occur in the Markovian case. This case is recovered by assuming an exponential waiting-time distribution (Poisson case), w(τ ) = γ exp[−γτ ]. From Eqs. (23) and (26) it follows thatw(τ , t) = w(τ ) and f (τ , t) = γ, thereby implying the vanishing of the inhomogeneous term, and the relation K(τ ) = γδ(τ ), which turns Eq. (18) into a standard Lindblad equation
On the other hand, we remark that in Eq. (18) , and in Eq. (17) (18) with an arbitrary L in the limiting condition in which simultaneously κ → 0 and the number of events per unit of time go to infinity, the last limit being controlled by the distribution f (τ , 0) of Eq. (27) .
A. Initial preparation at time t
The initial condition associated to Eq. (18) is given by ρ S (t), Eq. (6), which in turn carries information about the system dynamics in the interval (0, t). Therefore, Eq. (18) does not give more information than a master equation describing the evolution in the interval (0, t+τ ). Nevertheless, the master equation (18) may acquire a different status if the initial condition at time t can be chosen as any non-equilibrium form of the density matrix ρ S . This is done by introducing the main ingredient of our formalism, i.e., by adopting the concept of preparation, namely, a change ρ S (t) Π → ρ Π , compatible with a CP transformation Π. The role of the preparation is to erase the dependence of the evolution on the previous history of the system without erasing the memory of the universe, i.e., the system-environment arrangement.
In the Laplace domain the preparation is defined by
which in the time domain yields
The extra unitary contribution is introduced to take into account that the Hamiltonian evolution defined by L S begins at time t = 0. Similarly, one can interpret Eq. (29) as a preparation in an interaction representation with respect to L S .
Under the preparation condition of Eq. (29), the time evolution structure of Eq. (18) is still valid, provided that the initial condition is fixed to be ρ Π exp[L S t], with the inhomogeneous term now reading
We remark that the time evolution of Eq. (18) with the contribution of Eq. (30) remains a CP structure. In fact, also its solution admits an interpretation in terms of trajectories that preserve the CP condition. The time evolution of the density matrix generated by Eq. (18) , with the inhomogeneous contribution of Eq. (30), in principle depends on the preparation time t. Which is the form of the dependence of the density time evolution in (t, t + τ ) on t? Of particular interest is to assess under which conditions this dependence is lost, so as to generate in the long-time limit the stationary behavior defined in Sec. I. In the case where the solution becomes asymptotically stationary, it is of interest to assess if this stationary time evolution (t → ∞) is characterized by non-Markovian effects stronger or weaker than the time evolution with the preparation stage coinciding with the initialization stage, i.e.,with t = 0. These important questions will be answered with the help of the simple examples discussed in Section II B.
As a last but not least remark of this Section, let us notice that the time evolution of Eq. (18), with the preparation condition of Eq. (29), can be easily written in an equivalent form, as an homogeneous time evolution, as follows
. While this expression avoids the complication arising from the presence of an inhomogeneous term, the kernel structure is more complicated, involving all powers of the Lindblad superoperator L. Eq. (31) recovers and generalize the classical master equation obtained in Ref. [29] .
B. Examples
To make more transparent the spirit of the renewal approach of this paper, here we illustrate it in action on two exemplary cases of the same simple model. While the microscopic origin the superoperator E and the waiting time distribution w(t) is not completely understood [7, 15] , from Eq. (18) it becomes clear that the former object defines the underlying Lindblad like structure Eq. (20) . Then, it establishes the coupling between the density matrix elements. On the other hand, w(t) can be settled in a phenomenological way as a function of the characteristic system decay behavior (see next examples). It leading property is the average waiting time, ∞ 0 tw(t)dt, which may be finite or divergent, the last case giving rise to strong non-stationary effects.
As a simple model, we consider a degenerate two-level system (L S → 0) and the superoperator
The time evolution of the expectation values of the Pauli 
while S Z (τ ) = S Z (0). With S i (0) we denote the expectation values after the preparation. The kernel is defined by its Laplace transformK
The solution of Eq. (33) is
whereP 0 (τ , t) is the survival probability associated tõ
. It can be rewritten as
Here, P 0 (τ ) is defined by its Laplace transform Eq. (5), while f (t, 0) follows from Eq. (27) 
The decay of the expectation values of Eq. (34) depends on both τ and t. Its explicit analytical form depends on the choice done for the waiting-time distribution w(t). As first case, we select the bi-exponential case
with P a + P b = 1. The distribution Eq. (27) (t = 0) reads
where θ(τ ) is the step function and we have introduced
Notice that after a transient of order 1/η, the sprinkling distribution, as in the Markovian case, is constant, i.e.,
The coherence decay, independently of the time t, can be written as
All the dependence on the preparation time is carried out by the weights P a (t) and P b (t). Their explicit form follows straightforwardly from Eq. (35) as a superposition of exponential functions. They satisfy the boundary conditions P a (0) = P a , and P b (0) = P b . In the limit t → ∞, the asymptotic stationary decay reads
In Fig. 1 , we show the decay defined byP 0 (τ , t) for different preparation times t, and for two different sets of characteristic parameter values. After a transient of order η, both cases reach a stationary decay regime. By comparing these figures one with the other, we realize that the asymptotic decay may yield arbitrary departures from the dynamics generated by setting t = 0. In fact, in Fig. 1a , the asymptotic decay is almost exponential while the initial one is bi-exponential. In Fig. 1b the inverse situation is observed. This simple example demonstrates that no general conclusion can be drawn about the properties of the stationary time evolution. As a second exemplary case, we consider the waitingtime distribution
where the units of A α are 1/sec α , and 0 < α ≤ 1. Note that for α = 1 this expression reduces to the Laplace transform of an exponential function. The kernel Eq. (21) read
As is well known [44] , this kind of kernel is related to a fractional derivative operator. In contrast to Eq. (37), here we get
where Γ(x) is the Gamma function. Then, in this case, lim τ →∞ f (τ , 0) = 0. This property is directly related to the divergence of the average period between events, i.e.,
. By using Eq. (35) and the fact that P 0 (τ ) is, in this case, a Mittag-Leffler function [7, 44] , we can writeP 0 (τ , t) [45] under the form of a series expansion. 
By using the property that for
, when τ ≫ t we get the following asymptotic expressioñ
Therefore, in this case there not exists an asymptotic stationary decay. In fact, this expression shows that at any time the decay dynamics depends on the preparation time t. In Fig. 2 we plot the functionP 0 (τ , t), Eq. (35), for different values of t. Eq. (42) correctly fits their asymptotic decay behavior. Consistently, we found that there not exists a stationary decay behavior.
III. REGRESSION HYPOTHESIS
The generalization of the classical regression hypothesis [27] to a quantum context is called quantum regression theorem [2, 42] . It states that operator expectation values and operator correlations have the same dynamical behavior. Here, we explore the possibility of generalizing this theorem to the renewal case. 
A. Operators dual evolution
In order to define operator correlations, we have to move from the Schrödinger to the dual or Heisenberg representation. In the renewal case here under study this corresponds to convert the stochastic time evolution of the density matrix ρ st (t) into the stochastic time evolution of operators. All this rests on the fundamental relation
where the mean value A(t) of a system operator A can be written in terms of the initial density matrix ρ S (0) and of the evolved operator A(t). Let us define the dual superoperators L # S and E # by the relations
Eq. (2) yields the (averaged over realizations) operator time evolution 
B. Operator expectation values and correlations
For the main purpose of working with simplified expressions, in this section we make all calculations in the interaction representation with respect to L # S , and we assume that 
With A = (A 1 , A 2 , · · · ) T , we denote a vector of system operators defining a complete basis in the dual (operators) space. I denotes the system identity operator. The operator correlations are written as
Here, O denotes an arbitrary system operator. The auxiliary operators function C UV (τ , t), acting on arbitrary system operators U and V, are defined by the expression
(49) P (τ , m; t, n) is the probability that n events occur in the interval (0, t) and m events in the interval (t, t+τ ). Under the condition (46) , in the interaction representation with respect to L # S , Eq. (49) follows straightforwardly from the stochastic dynamics associated to Eq. (45) .
The set of probabilities P (τ , m; t, n) can be written as
when m = 0, and as
n . In the Laplace domain, (τ → u, t → z), after using Eq. (12), we get
and for m ≥ 1,
wherew(u, z) is defined by Eq. (23).
After some algebra based on Eq. (49) we write
The function ∆(u, z) is defined by Eq. (22) and G # (u) denotes the propagator
where L # ≡ E # − 1 is the dual superoperator associated to L, Eq. (19) . The kernel K(u) follows from Eq. (21) . Therefore, taking into account that these expressions were derived in an interaction representation with respect to L S , we obtain that G # (u) is the dual propagator associated to G(u), Eq. (16).
From Eq. (52), after introducing the density matrix
the mean values Eq. (47) and correlations Eq. (48) read
Here, for the sake of shortening the notation, we use the symbol= to indicate that the left and right hand side of the equality are written in the time and Laplace domain, respectively. These equations yield the desired expressions for operator expectation values and correlations. They can be straightforwardly written in terms of density matrix propagators as
In the Markov case, i.e., when K(u) = γ, these results recover the expressions that follows from a microscopic derivation based on a Born-Markov approximation [2] . Furthermore, by using the same calculations steps it is possible to demonstrate that
(57) From Eqs. (55) and (56) it is immediate to realize that expectation values and correlations have the same dynamical structure, showing that the classical Onsager regression hypothesis can be extended to this context. We make this fact even clearer by introducing a preparation at time t [Eq. (29) ], thereby implying the transformation zρ S (z) → ρ Π . Then, the preparation can be interpreted as a sudden fluctuation at time t. The earlier expressions indicate that the operator correlation dynamics depend on the dynamical decay of this fluctuation.
C. Evolutions
We can explicitly show that operator expectation values and correlations have the same dynamical behavior. Here, we obtain the inhomogeneous equations of motion. Nevertheless, as in Eq. (31), they can be rewritten as homogeneous ones. By defining a matrix M by the relation
which acts on the indexes of vector A, from Eq. (55) it is possible to get the evolution
while from Eq. (56), for the correlations it follows
The inhomogeneous terms Γ IA (τ , t) and Γ OA (τ , t), taking into account the preparation [Eq. (29)], follow from
These expressions show that even in the presence of strong non-Markovian non-stationary effects, the regression hypothesis is still valid [28, 29] .
D. Discussion
The previous analysis demonstrates that the condition (46) guarantees the fulfillment of the quantum regression hypothesis. This constraint is satisfied, for example, by a two-level system with Liouvillian
where σ z is the z-Pauli matrix, ω A its transition frequency, and E (or equivalentlyL[•]) define a dispersive or thermal reservoir (see respectively Eqs. (71) and (74) in Ref. [7] ). When the two-level system is subjected to an external field the regression hypothesis may be broken. In fact, when the condition (46) is not fulfilled, the regression hypothesis does not hold true in any case. Nevertheless, by writing
where [L 0 , E] = 0, and [L 1 , E] = 0, it is possible to prove that to first order in the parameter ǫ, the regression hypothesis, independently of the specific structure of L 1 , is still valid. In the Schrödinger representation, the operator expectation of Eq. (55) and the operator correlation of (56), to first order in ǫ, read
Note that G(u) and I ρ (u, z) are defined by Eq. (16) and (17), respectively. After performing the preparation at time t, the inhomogeneous term follows from Eq. (30) . The work of Ref. [16] discussed the validity of the regression hypothesis in the context of non-Markovian dynamics based on Lindblad rate equations [15] . It was also found (see Sec. 6) that an external (non-commuting) field breaks its applicability. Nevertheless, in contrast with the present formalism, the non-Markovian effects admit an underlying Markovian description. Furthermore, the regression theorem was studied by analyzing the dynamics at the initial and at the asymptotic time. In that case, the vanishing of the inhomogeneous term is a necessary condition for the validity of the regression hypothesis. In spite of these differences, both formalisms lead to consistent and non-contradictory results.
We remark that similar conditions but no equivalent to Eq. (46) were found in different contexts. In Refs. [46, 47, 48 ] the validity of the quantum regression hypothesis beyond a weak coupling regime was discussed [16] . In Ref. [49] , a commutation property between the system-bath interaction and the system operators was derived by using a stochastic wave vector formalism and taking into account a Bosonic bath described in a rotating wave approximation. All these results suggest that, beyond a Markovian regime, the validity of the quantum regression hypothesis strongly may depends on the underlying microscopic dynamic. Nevertheless, the searching of general applicable criteria should not be discarded [16] .
IV. LINEAR RESPONSE THEORY
Here we analyze the response of the system, whose density matrix evolution is given by Eq. (18) , to an external time dependent perturbation. In the stationary case [30, 31] , the system response to weak external perturbations is expressed in terms of response functions that are proportional to the cross correlation function between the variable of interest and a system variable coupled to the external field. Here, we show that a similar result can be established, but that, nevertheless, strong departures from the predictions of the stationary theory may arise.
To simplify the analysis, in the following calculations we assume that t = 0, i.e., that the system-environment coupling (initialization of the renewal dynamics) coincides with the preparation time, and that the coupling with the external field is switched on at the same time. In this case the absolute time coincides with the distance τ from the system-environment coupling. The average system state ρ S (τ ) is written as a series in the external perturbation
The parameter λ measures the strength of the external perturbation. ρ S (τ ) can be obtained from an average of the perturbed realizations or from the (perturbed) master equation defining the density matrix evolution, Eq. (18) . In general, one may assume that the external perturbation affects either the unitary or the dissipative dynamics. Hereby we analyze both cases.
A. Perturbing the dissipative dynamics
Here, we consider the case when the external perturbation affects (or is coupled to) the dissipative dynamics. The two contributions in Eq. (65) are evaluated by averaging the perturbed stochastic realizations. The zero-thorder contribution reads
. (66) Notice that this expression follows straightforwardly from Eq. (2). The first-order contribution is determined by an average over all possible trajectories, in each of which the external perturbation acts only once, to fit the request of a linear response. Then, ρ
S (τ ) becomes the double sum
Each sum takes into account all possible events, preceding and ensuing the action of the external perturbation. In this expression, P 0 (τ ) and W (n) (τ ) are defined by Eqs. (3) and (4) respectively. The influence of the external perturbation is described by the superoperator O(τ 2 , τ 3 ). This is done either by making the superoperator E change with time, without affecting the times of event occurrence, or by allowing the external stimulus to slightly change the times of event occurrence, namely a little bit earlier or later, according to the system's state.
Perturbing the event superoperator
In Ref. [36] the linear response theory was analyzed on the basis of a classical two-level system where the perturbation does not affect the time of occurrence of an event, but that the coin tossing selecting the fluctuations sign has a time-dependent bias. In Section II we have seen that the Krauss operators E[ρ] signal the occurrence of renewal events. To realize a perturbation on the system of the same nature, we have to assume that the time of occurrence of collisional events is not affected by the external perturbation, but that the specific form of E[ρ] is. Then, the Krauss operator is written as
where the superoperator O(τ ) satisfies Tr S {O(t)[ρ]} = 0. For simplicity, we assume
ξ(τ ) is a scalar function that defines the temporal dependence of the external perturbation. The superoperator O(τ 2 , τ 3 ) appearing in Eq. (67) can then be written as
By working in the Laplace domain on the contributions to each sum of Eq. (67), after some algebra, we get
The propagator G(τ ) is defined in the Laplace domain by Eq. (16), while the kernel K(τ ) is defined by Eq. (21). Eq. (71) generates the system's response to first order in the perturbation strength, λ, and consequently the system's linear response. For the operator expectation values, after introducing the assumption (69), we get
where the zero-th-order contribution reads A 0 (τ ) = Tr S [AG(τ )ρ S (0)], and the response function is given by
With ρ f (τ ′ ), we denote
Evidently, the response function χ AO (τ , τ ′ ) has the structure of an operator correlation [see Eq. (57)]. This fact becomes more evident when the initial density matrix corresponds to the stationary state ρ ∞ S of the unperturbed evolution, i.e.,
and the condition
is satisfied. Then, the expectation values are written as
The response function becomes
Here, the function f (τ , 0) is defined by Eq. (27) . The quantum statistical average over ρ 
This stationary condition [30, 31] is broken in the nonMarkovian case. In fact, the presence of the factor f (τ ′ , 0) implies that χ ∞ AO (τ , τ ′ ) depends separately on both τ and τ ′ . Depending of the behavior of f (τ ′ , 0) [see Eqs. (37) and (41)] in the long-time regime the system may become insensitive to the external perturbation. This effect, some times called death of linear response [38] , was found in classical systems in Refs. [32, 37] . The present analysis leads us to conclude that the same amazing phenomenon may be observed in quantum systems.
The previous results also follows from calculations based on the density matrix evolution, Eq. (18) . On the other hand, we assumed that the external perturbation is switched on at the initial time. The general case, i.e., when the renewal dynamics start at time t = 0 and the external perturbation is switched on at time t > 0, can be discussed following the same calculations steps. The final expressions involve some extra contributions. Nevertheless, under the assumption (62), to first order in ǫ, Eq. (71) remains valid under the replacements ρ S (0) → ρ S (t), and K(τ ) → K t (τ ), where
. As an example we consider a two-level system, with states {|± }, whose unitary evolution is defined by
, where σ x is the x-Pauli matrix in the basis {|± }. The perturbed superoperator read
where σ ab ≡ |a b| , (a, b) = ±, and λ|ξ(τ )| ≤ 1. It can be rewritten as E(τ )[ρ] = [I+λξ(τ )σ z ]/2. Then, both the unperturbed and the perturbed terms turn out to be independent of the initial state ρ. The unperturbed dynamics correspond to a depolarizing channel [3] , with stationary state ρ ∞ S = I/2. The perturbed dynamics modulate the probability of transitions between the two states [36] .
From Eq. (77), the difference between the upper and lower populations, i.e., the mean value of the z-Pauli ma-
(80) As the transformation E(τ )[ρ] does not depend on ρ, it is simple to prove that Eq. (80) also corresponds to the exact solution to all orders in λ. On the other hand, notice that the results obtained in Ref. [36] , are recovered in the limit Ω → 0. Using Eq. (79), it is easy to establish the nature of the stochastic dynamics associated to Eq. (80), i.e., S Z (τ ) = S st (τ ) , where · · · denotes the average over the single realizations. Between two consecutive events [action of E(τ )], occurring at times τ i−1 and τ i , the stochastic evolution is given by S st (τ ) = cos[Ω(τ − τ i−1 )]S st (τ i−1 ), where τ ∈ (τ i , τ i−1 ), while at τ = τ i , we apply the disruptive transformation S st (τ ) → λξ(τ i ). The statistics of the time intervals (τ i − τ i−1 ) is given by the distribution w(τ ). In the result illustrated by the following figures, we use Eq. (40) .
In Fig. 3 we show both the solution of Eq. (80) and the average on the realizations of the stochastic simulation. The function f (τ , 0) is given by Eq. (41) . The external perturbation is ξ(τ ) = cos [ωτ ] . We note that, in general, in the long-time regime the system becomes insensitive to the external perturbation [ Fig. 3a] . In fact, in the Markovian case, or when lim τ → f (τ , 0) > 0, the asymptotic behavior of the mean value lim τ →∞ S Z (τ ) is given by an oscillatory function. In contrast, here lim τ →∞ S Z (τ ) = 0. The decay to this asymptotic value is given by a power law function. The oscillation amplitude is proportional to the survival probability, Eq. (5), which here can be written as P 0 (τ ) = exp[A asymptotic regime it behaves as P 0 (τ ) ≈ 1/(A 1/2 √ t) [44] . Only when ω = Ω, the asymptotic behavior is given by an undamped oscillatory function [ Fig. 3b] . The presence of an undamped asymptotic contribution follows straightforwardly from Eq. (80) after expanding the involved trigonometric functions and using that P 0 (u)f (u, 0) = 1/u − P 0 (u). The non vanishing contribution is [1 − P 0 (τ )] cos[ωτ ]/2. Thus, the convergence to the maximal amplitude oscillation (one half) also follows a power law behavior. This effect is seen in Fig. 3b. 
Perturbing the times of events occurrence
In Refs. [32, 33] , the response of a classical twolevel system was analyzed by assuming that the external perturbation affects the times of event occurrence. The prediction generated by this assumption has been recently confirmed by experimental results on liquid crystals [41] . Here, that assumption corresponds to assuming that the times of the superoperator E's action are slightly changed by the external perturbation. Below, we discuss a system-bath modeling where this condition applies.
We consider a system, which may also have its own (Markovian) dissipative dynamics, and whose interaction with a complex bath only occurs when the environment undergoes a structural change, implying the application of E over the system density matrix. The changes between the different structures of the bath are described by a complex landscape. The escape over a single well is described by the standard Kramers theory. By turning on an external perturbation, the height V of a given well is written as V (t) = V 0 + λ 0 ξ(t). By assuming an adiabatic regime, the survival probability associated to each well evolves as
Here, P 0 (τ |t) defines the conditional probability that no event (structural change) occurs in the time interval (t, t + τ ) given that the last event occurred at time t. The time dependent rate is written as γ 0 (t) = 
To first order in λ 0 , it follows
where γ = γ 0 exp[−V 0 /D] is the Kramers rate and the dimensionless strength parameter reads λ = −λ 0 /D. If one assumes a statistical distribution of rate γ (due to a random γ 0 or V 0 ), the survival probability P 0 (τ |t) must be written as a statistical superposition of exponential functions, from which arbitrary decay behaviors can be recovered. Therefore, Eq. (82) can be extended to nonexponential survival probabilities.
In conclusion, the external perturbation shifts the time of event occurrence, and this property, on the basis of the earlier arguments corresponds to the assumption
The function ξ(t ′ ) defines the time dependence of the perturbation. The superoperator O takes into account a dependence of the time shift on the system state.
To first order in λ, the survival probability reads
Although, in principle, the external perturbation breaks the renewal character of the process, under the assumption of weak perturbation (small λ), it is legitimate to define the conditional waiting-time distribution density w(τ |t) = −(∂/∂τ )P 0 (τ |t), thereby getting
Notice that under this approximation, independently of the O structure, the normalization condition 
where O ′ = EO and
Nevertheless, in this case, the operator P 0 (τ −τ 1 ) appearing in Eq. (67) also gives a contribution to first order in λ, as clearly shown by Eq. (84). By assuming the initial condition Eq. (75), the condition of Eq. (76), doing the same calculus for the derivation of Eq. (71), after rearranging the time integrals and some algebra, the operator expectation values read
with A ∞ = Tr S [Aρ ∞ S ] and the response function being
is defined by Eq. (24) . Thus, in this case the response function is also proportional to the correlation between the operator A and the external perturbation O. 
With the earlier arguments in mind, we state that this kind of response function is generated whenever the underlying dynamics can be modeled as an escape process from a well through a time dependent barrier, or in general when the prescription Eq. (83) applies. This makes it possible to use for w(τ ) any form, and not necessarily, the inverse power law form of Refs. [32, 33] . The example discussed in these papers is a symmetrical two-level system, with
aa , L S = 0, and A →σ z . In this case, χ ∞ AO (τ , τ ′ ) follows straightforwardly from the first order contribution associated to Eq. (84). On the other hand, while Eqs. (78) and (89) define the system response in terms of operator correlations, they do not involve in general the derivative of an operator correlation [34] .
B. Perturbing the unitary dynamics
Now we consider the case where the external perturbation affects the unitary dynamics acting in the time interval between the occurrence of two consecutive events. Then, we write
In contrast to the previous case, here we show that when the dynamics strongly depart from the Markovian case, it is not possible to generate a linear response theory. The perturbed dynamics, Eq. (65), are derived from the master equation defining the density matrix evolution, Eq. (18) with t = 0. To first order in λ, we get
Here, U(τ ′ , τ ′′ ) is propagator associated to the time dependent Liouvillian superoperator Eq. (91), i.e., 
When calculating the operator expectation values, the first line recovers the standard Kubo response theory [31] . On the other hand, the second line shows that it is impossible to generate a first-order perturbation. In fact, the validity of this contribution relies on approximating the difference between the perturbed and unperturbed propagator, U(τ 
, the perturbed dynamics can be approximated to first order in the perturbation. The same conclusion follows by analyzing the perturbed stochastic trajectories.
V. SUMMARY AND CONCLUSIONS
In this paper we have shown that non-standard nonstationary statistical effects can arise in the context of CP open quantum system dynamics. The results rely on modelling the system dynamics through a renewal approach, where the density matrix follows after averaging a set of realizations which mimic the interaction with a non-Markovian environment. The realizations are characterized by disruptive abrupt events, producing changes described by the application of a CP superoperator. The time distance between the occurrence of two consecutive collisional events is drawn from a non-Poisson waitingtime distribution density w(τ ). In the time intervals between two consecutive collisional events, the system's time evolution is described by a unitary prescription. Both the CP superoperator and the waiting-time distribution density take into account the interaction of the system with the environment.
As a significant advance compared to the earlier work, here we analyzed the non-Markovian system dynamics by introducing a system preparation at an arbitrary time and studied the ensuing evolution. The preparation erases the dependence of the evolution on the previous history of the system. Nevertheless, it does not erase the memory of the universe, i.e., the system-environment arrangement. In fact, the master evolution after preparation depends explicitly on the time preparation [Eqs. (18) and (30) or Eq. (31)]. When the preparation time is done at arbitrary long times, the ensuing density matrix evolution may or not converge to an asymptotic structure, the last situation defining the non-stationary case. It arises when the average time between events is divergent. When there exists an asymptotic stationary evolution, we showed that it may significantly depart from the evolution ensuing preparation at the initial time, i.e., in general the stationary evolution may develop stronger or weaker non-Markovian effects than the evolution ensuing the preparation at the initial time.
The possibility of extending the regression hypothesis to the evolutions arising from the renewal approach was also explored. We showed that when the unitary dynamics commutes with the event superoperator, the non-Markovian evolution of expectation and correlation operators are exactly the same [Eqs. The non-stationary character of the evolution was also analyzed through the response of the system to an external weak perturbation. When the external field modifies the dissipative dynamics, the response function associated to the mean value of a given operator can be written as a function of the correlation between the operator and the external perturbation. Different response functions [Eqs. (78) and (89)] are generated depending on whether we make the perturbation modify the superoperator structure [Eq. (68)] without affecting the occurrence time of the collisional events or we make perturbation affect the time occurrence of the disruptive events [Eq. (83)]. As in the classical counterparts, we have shown that in the presence of non-stationary dynamics, the response of the system may die out in the time asymptotic regime. We also concluded that when the external perturbation modifies the unitary dynamics between events, the linear response theory is incompatible with the presence of strong memory effects.
The equations that express the previous results are also valid for classical systems. In fact, all quantum properties disappear if one disregard the unitary contributions, consider diagonal density matrixes, and take superoperators that do not break that condition. With respect to previous analysis [28, 29, 32, 33, 34, 35, 36] , the present results do not rely on a specific form of the waiting-time distribution (like the inverse power law forms) neither rely on a classical two-level system modeling. Thus, the formalism applies even when the events are defined by differential (Fokker-Planck) operators.
The results found in this paper may have direct experimental implications. In fact, the renewal dynamics arise trivially in the context of (non-Markovian) quantum kicked systems [50] . The main conclusions arrived at with our analysis may also apply to quantum systems coupled to complex reservoirs generating decay behaviors without a characteristic time scale [15, 21] . While a full quantum microscopic derivation of the present results is an open problem, our analysis demonstrates that a reach kind of behaviors may arise when dealing with non-Markovian non-stationary quantum evolutions. Our contribution is a consistent attempt to model those issues in the context of CP open quantum system dynamics.
